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Navier–Stokes Predictions of the Individual Components
of the Pitch-Damping Sum

Paul Weinacht¤

U.S. Army Research Laboratory, Aberdeen Proving Ground, Maryland 21005

An approach for predicting the two individual aerodynamic damping coef� cients that form the pitch-damping
coef� cient sum is presented. The coef� cients are obtained using prescribed or forced motions that independently
excite the two different angular rates that are associated with the two damping coef� cients. A key feature of the
approach is that steady � ow� elds are produced by the selected motions. Steady � ow computational � uid dynamics
approaches can be applied, allowing results to be obtained in a computationally ef� cient manner. Application of
the technique is made to an axisymmetric projectile con� guration. The predicted pitch-damping coef� cient sum
obtained by adding the individually determined coef� cients is in excellent agreement with previous predictions
of the pitch-damping coef� cient sum and with experimental data. The individual coef� cients are compared with
slender-body theory, and the results show similar trends though the slender-body theory appears to underpredict
the various coef� cients.

Nomenclature
Cm = pitching moment coef� cient
Cmq = damping moment coef� cient due to transverse

angular velocity
Cmq C Cm P® = pitch-damping moment coef� cient sum
Cm® = slope of the pitching moment coef� cient with

angle of attack
Cm P® = damping moment coef� cient due to angular

rate of angle of attack
CNq = damping force coef� cient due to transverse

angular velocity
CNq C CN P® = pitch-damping force coef� cient sum
CN P® = damping force coef� cient due to angular rate of

angle of attack
Cn = side moment coef� cient
Cn p®

= Magnus moment coef� cient
D = projectile diameter
OE; OF; OG = � ux vectors in transformed coordinates

e = total energy per unit volume
OH = source term in Navier–Stokes (N–S) equations
J = Jacobian
l = characteristic length, typically D
M = freestream Mach number
p = pressure, as used in N–S equations; spin rate, as

used in roll equations
Re = Reynolds number, a1½1 D=¹1
R0 = helix radius or radius of circular arc for looping

motion
r = radial coordinate
OS = viscous � ux vector

s = distance downrange
scg = center of gravity shift, calibers
t = time
U = vehicle velocity along helix axis
u; v; w = velocity components in x; y; z directions
V = freestream velocity
x; y; z = axial, horizontal, and vertical coordinates
xcg = axial location of body center of gravity
® = angle of attack

Received Aug. 12, 1997; revision received June 18, 1998; accepted for
publication July 2, 1998. This paper is declared a work of the U.S. Govern-
ment and is not subject to copyright protection in the United States.

¤Aerospace Engineer, Aerodynamics Branch, Propulsionand FlightDivi-
sion, Weapons and Materials Research Directorate. Associate Fellow AIAA.

° = ratio of speci� c heats, in N–S equations; cosine of
total angle of attack, as used in aerodynamic force
and moment equations

± = sine of total angle of attack
¹; ¹t = laminar and turbulent viscosity
Q¹ = complex transverse angular velocity
»; ´; ³ = transformed coordinates in N–S equations
Q» = complex yaw
½ = density
Á = circumferentialcoordinate, measured from vertical

axis
Ä = angular rate associated with looping and helical

motions

Superscripts

¢ = rate of change with respect to time
0 = rate of change with respect to space
Q = referenced to nonrolling coordinate frame

Introduction

T RADITIONALLY in aeroballistic applications, the pitch-
damping coef� cient has been treated as the sum of two individ-

ual coef� cients that produce an aerodynamic moment proportional
to the angular rate associatedwith the angle of attack. In fact, these
two individual coef� cients represent moments proportional to two
different angular rates, although for many nonmanuevering � ight
trajectories, including those � own in ballistic aerodynamic ranges,
these two angularratesare essentiallyequivalent.For this reason,the
pitch-dampingcoef� cient sum is often treated as a single parameter.
In some cases, such as for manuevering� ight vehicles, the simpli� -
cationthat the two angularrates are equivalentis no longervalid,and
the two individualcomponentsof the pitch-dampingcoef� cient sum
must be determined independently.Experimental determination of
these coef� cients is dif� cult at best and is probably not possible
using traditional aerodynamic ranges.

Prior researchhas focusedon the developmentand applicationof
computationalmethods for predictingthe pitch-dampingcoef� cient
sum.Thebasisof the techniqueis to imposea particularmotion(con-
ing motion) on the � ight vehicle, which produces moments that are
proportional to the pitch-damping coef� cient sum. Because coning
motion produces a steady � ow� eld in the cases of interest, ef� cient
numerical techniques can be readily applied and the pitch-damping
coef� cient sum determined in a cost-ef� cient manner. These tech-
niques have been benchmarked with experimental data, and good
agreementbetweencomputationand experimenthas been found for
a number of � ight vehicle geometries.1¡8
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In the current effort, the method is extended so that the individ-
ual componentsof the pitch-dampingcoef� cient can be determined
independently. The method uses imposed motions that excite the
two angular rates independentlyso that the forces and moments at-
tributable to these rates can be assessed separately.A key feature of
the approach is that the motions produce steady � ow� elds that can
be computed in a cost-ef� cient manner. The techniques described
here represent a unique aerodynamic capability for a problem that
is dif� cult to address experimentally.Other than approximatemeth-
ods, these results most likely represent the � rst theoretical predic-
tions of the individualcomponents of the pitch-dampingcoef� cient
sum for � ight vehicles.Subsequent to its original publication,7;8 the
technique has also been adopted by other researchers.9

This paper presents a derivation of the transverse aerodynamic
force and moment equations associatedwith the motions of interest
using a general force and moment expansion for symmetric � ight
bodies. The resulting equations demonstrate that the aerodynamic
forces and moments can be excited independently using the ap-
propriate motions. Results are presented for an axisymmetric � ight
body at supersonic � ight velocities. Both of the components (Cmq

and Cm P® ) of the pitch-dampingcoef� cient sum .Cmq CCm P® / are de-
termined independently.Comparison of the predicted aerodynamic
coef� cients is made with slender-body theory. The sum of the two
individuallydeterminedcoef� cients is also comparedwith thepitch-
damping coef� cient sum .Cmq CCm P® / determined from coning mo-
tion. Both methods of determining the pitch-damping coef� cient
sum are in good agreement with experimental data.

Theoretical Background
Force and Moment Expansion

It is common in many aerodynamics applications to use a body-
� xed, nonrolling coordinate system to describe both the dynamics
and the systemof forcesand moments that act on the � ight vehicle.10

The nonrolling coordinate system allows the description of the ve-
hicle dynamics to be simpli� ed for certain classes of � ight vehicles
that possess particular types of geometric symmetry. Rotationally
symmetric � ight vehicles, which are the focus of the current re-
search, represent one class of vehicles where the nonrolling frame
has been effectively (and traditionally) used. For more complicated
geometries, such as aircraft, the advantagesof the nonrolling frame
are reduced,and other coordinateframes such as a completelybody-
� xed coordinate system are typically used.

In the current effort, the primary reason for initially describing
the aerodynamic forces and moments using the nonrolling coor-
dinate system is the description is well established for symmetric
� ight vehicles. The nonrolling coordinate frame is an orthogonal
right-handed system ( Qx; Qy; Qz) centered at the body c.g. The Qx axis
is aligned along the projectile longitudinal axis with the positive
direction oriented toward the projectile nose. The Qz axis is initially
oriented downward with the Qx – Qz plane perpendicularto the ground.
The angular motion of the nonrollingcoordinate frame is such that,
with respect to an inertial frame, the Qx component of the coordinate
frame’s angular velocity is zero. Although the time-dependent ori-
entation of the nonrolling frame may be dif� cult to visualize, the
nonrolling frame is essentially equivalent to the � xed-plane coordi-
nate system for small amplitude motions. In the � xed-plane coor-
dinate system, the Qx – Qz plane remains perpendicular to the ground
for all time. The total angular velocity of the � ight vehicle can be
described in terms of its angular velocity components (p, Qq , and Qr )
along the Qx , Qy, and Qz axes, respectively.The angular velocity of the
nonrolling frame can be described in terms of the transverse angu-
lar velocities Qq and Qr because the angular velocity of the nonrolling
frame along the Qx axis is always zero. The � ight body may, how-
ever, have a nonzero spin rate p about its longitudinalaxis. Further
details about these coordinate frames are discussed in Ref. 10.

The moment expansion for a rotationally symmetric missile in
the nonrolling coordinate frame is

QCm C i QCn D .pl=V /Cn p®
¡ iCm®

Q» C Cmq Q¹ ¡ iCm P®
Q» 0 (1)

This moment expansion is similar to the moment proposed by
Murphy.10 The moment formulation uses complex variables to sep-
arate the moment components, QCm and QCn , that are oriented along

the Qy and Qz axes, respectively. The third moment component, the
roll moment, can be handled separately and is not of consequence
in this study.

In the moment expansion, the pitching moment coef� cient slope
Cm® and thecoef� cientCm P® representmoments that are proportional
to the complex yaw Q» and yawing rate Q» 0, respectively.The complex
yaw and yawing rate are

Q» D . Qv C i Qw/=V (2)

Q» 0 ´
d Q»

d.s=l/
(3)

(In the analysis presented here, there is no need to distinguish be-
tween pitch and yaw, and the terms may be interchanged.The usage
follows that of Murphy.10 ) Here, Qv and Qw are the Qy and Qz components
of the velocity vector V that describes the velocity of the body c.g.
relative to the inertial frame.The magnitudeof this vector is denoted
as V . The angular rate is obtained by taking the derivative of the
complex yaw with respect to the � ight-path coordinate s, which is
nondimensionalized by some characteristic length l, typically the
body diameter.

The coef� cient Cmq represents a moment that is proportional to
the complex transverse angular velocity of the vehicle Q¹

Q¹ D . Qq C i Qr/l

V
(4)

where Qq and Qr are the Qy and Qz components of angular velocity of
the vehicle in the nonrolling coordinate system. The remaining co-
ef� cient in the moment expansion, the Magnus moment coef� cient
Cn p® accounts for a side moment due to � ow asymmetries produced
by the combination of spin and yaw.

Note that the moment formulation neglects the variation of the
moments with roll angle under the assumption that these variations
are small. For axisymmetric vehicles, the variations with roll angle
should not exist because the geometry will not change as the roll
orientationchanges.Roll variations in the aerodynamiccoef� cients
for other types of rotationallysymmetric vehicles are typically neg-
ligible for small amplitude motions. In general, roll variations may
be dif� cult to detect in � ight because the effect of roll orientation
tends to be averaged out over the course of a yaw cycle if the body
is spinning.

Planar Motions
For planar motions, the aerodynamic moments that act on an

axisymmetric � ight body can be written in terms of the following
expansion:

QCm C i QCn D i.pl=V /Cnp®
C Cm®

sin ®

C Cmq .ql=V / C ° Cm P® . P®l=V / (5)

The force expansion has a similar form. Two damping moments,
Cm P® and Cmq , represent moments proportional to the angular rates
P® and q that are associatedwith the angle of attack ® and the angular
displacementof the longitudinalaxis of the body with respect to the
Earth-� xed axis system denoted by the angle µ , respectively.These
angles are displayed schematically in Fig. 1 for the case of planar
motion.

For a typical ballistic trajectory, over the course of many yaw
cycles, the � ight body will travel a nearly rectilinear � ight path. In
this case, the freestream velocity vector V1 has a � xed orientation

Fig. 1 Angular orientation of projectile relative to velocity vector and
Earth-� xed coordinate frame.
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Fig. 2 Schematic of planar looping motion.

with respect to the Earth-� xed axes, xe and ze. For a rectilinear� ight
path, the angular rates P® and q will be equal. The moment expansion
can be simpli� ed by combining the two damping coef� cients into a
single coef� cient sum, which is proportionalto a single angular rate
(either P® or q ). For maneuvering � ight bodies, this simpli� cation
may not be valid and the individual coef� cients must be treated
independently.

To produce aerodynamic moments proportional to the damping
terms, one or both of the angular velocities must be nonzero. One
simple planar motion that produces a nonzero q and zero P® angular
velocity is a circular looping motion, as shown in Fig. 2. If such a
motion is performedat constant angular velocityÄ, where q D Pµ D
Ä, and constant angle of attack (which may or may not be zero), the
following form of the force and moment expansions results:

QCm C i QCn D i. pl=V /Cn p®
C Cm®

sin ® C Cmq .Äl=V / (6)

where the in-plane moment Cm contains contributions from both
the pitching moment slope Cm® and the pitch-damping coef� cient
Cmq . The side moment Cn is identical in form to the side moment
due to constant ® motion and is independent of the angular rate q.
Because the damping terms are independentof the spin rate and the
side moment is independent of the angular rate q, the spin rate is
assumed to be zero to simplify the discussionof the looping motion
that follows.

With respect to the inertial frame of reference, the � ow� eld is
periodic and unsteady. However, in the nonrolling frame (shown in
Fig. 2 as the Qx – Qz axes), the � ow� eld is potentially steady. Indeed,
the moment expansion displays no unsteadiness because all of the
terms on the right-hand side are constants. Because the � ow� eld is
potentially steady in the nonrolling frame for this type of motion,
this frame is suitable for use with computationalapproachesthat are
based on steady � ow techniques.

For looping motion, the moment expansion contains contribu-
tions from two of the aerodynamic coef� cients. The contribution
from the pitching moment coef� cient slope Cm® can be eliminated
if the body longitudinal axis is tangent to the radius of curvature
of the loop. In this case, the angle of attack is zero, and the damp-
ing moment Cmq is directly proportional to the net aerodynamic
moment. If the damping moment exhibits a dependence on angle
of attack, several experiments or computations involving different
looping rates must be performed for each angle of attack. (If the
looping rate is varied, the loop radiusmust also be changed to main-
tain a constant vehicle velocity, V D ÄR0.) The damping moment
can be obtained by computing the variation in the net aerodynamic
moment with looping rate. If the net aerodynamicmoment displays
a nonlinear variation with both angle of attack and looping rate, it
may be dif� cult to separate the contributionsattributable to the Cm®

and Cmq , without additionalinformationor assumptions.In general,
variations of the coef� cients with angle of attack might be reason-
ably expected, whereas variations in the coef� cients with angular
rate are less common. In any event, the looping motion can be used
to check for these types of nonlinear variations.

One featureof this typeof motion is that highangularvelocitiesor
large loop radii are required to generatehigh velocities,making this
type of motion impracticalfor use in experimentaltesting.However,
this is not a problem for computational approaches because large
loop radii or high angular velocities can be easily accommodated.

Helical Motions
Other more complicatedmotionscan beproposed,which produce

aerodynamic moments proportional to the angular rates Q¹ and Q» 0,
neverthelessstill producingsteady � ow� elds when viewed from the
appropriatecoordinate frame. Two such motions require the c.g. of
the � ight vehicle to traverse a helical � ight path. The � rst motion
requires the vehicle’s longitudinal axis to be oriented in the same
direction as the center of rotation of the helix but displaced by a
constant distance. Figure 3 shows a three-dimensional view of the
motion.

A two-dimensionalprojectionof this motion on the verticalplane
is shown in Fig. 4. This particular motion produces no rotation of
the nonrolling coordinate frame relative to an Earth-� xed coordi-
nate frame, and hence, the angular velocity Q¹ is zero. The angle
of attack and its angular rate vary continuously,producingmoment
components associated with the coef� cients Cm® and Cm P® , respec-
tively.This motion is referredto as q D 0 helicalmotionbecausethe
angular rates associated with the damping coef� cient Cmq are zero.

For the second motion, the longitudinal axis of the � ight vehi-
cle remains tangent to the helical � ight path at each point along
the trajectory. Figure 5 shows a three-dimensionalview of this mo-
tion. A two-dimensional projection of this motion on the vertical
plane is also shown in Fig. 6. The angle of attack of the incident
airstream is zero because both the longitudinal axis of the body
and the freestream velocity vector are tangent to the � ight path.
The resulting yawing rate is also zero because the angle of at-
tack is constant. The angular orientation of the � ight body changes

Fig. 3 Helical motion with
nonzero Ç Ä® and zero Qq.

Fig. 4 Vertical projection of helical motion with nonzero Ç Ä® and
zero Qq.

Fig. 5 Helical motion with zero Ç Ä® and
nonzero Qq.

Fig. 6 Vertical projection of helical motion with zero Ç Ä® and non-
zero Qq.
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continuously with respect to an Earth-� xed reference frame, pro-
ducing a nonzero angular rate Q¹. As a result, moment components
associated with the damping moment Cmq are produced. This mo-
tion is referred to as P® D 0 helical motion because the angular rates
associated with the damping coef� cient Cm P® are zero. The P® D 0
helical motion produces a steady � ow� eld when viewed from the
appropriatecoordinatesystem,whereas its two-dimensionalprojec-
tion is clearly time dependent.

The net transverse aerodynamic moment in the nonrolling frame
can be determined for each of the motions by substituting the ap-
propriately determined angle of attack and angular rates Q» 0 and Q¹
into Eq. (1).

For q D 0 helical motion

Q» ´ . Qv C i Qw/=V

D ¡±eiÄt (7)

± D
R0Ä

U 2 C Ä2 R2
0

(8)

Q» 0 D ¡i.Äl=V /±eiÄt (9)

Q¹ D 0 (10)

For P® D 0 helical motion

Q¹ ´
. Qq C i Qr/l

V

D Äl

V
.sin ¯/eiÄt cos ¯ (11)

cos ¯ D U=V (12)

sin ¯ D R0Ä=V (13)

Q» D Q» 0 D 0 (14)

where Ä is the angular velocity of the body about the helix axis, R0

is the perpendicular distance between the helix axis and the body
c.g.,U is the componentof velocityalong the helix axis, and V is the
total linear velocity of the c.g. To eliminate the contribution to the
net aerodynamic moment from the Magnus moment, it is assumed
that the spin rate of the vehicle is zero.

For each of the helical motions, the transverse aerodynamicmo-
ment in the nonrolling frame will be periodic in time, which also
indicates that the � ow� eld will be periodic in time when viewed
from the nonrolling coordinate frame. However, for both types of
helical motion, a steady � ow� eld should be observed when exam-
ined from an orthogonal right-handed coordinate system that has
its x axis aligned with the longitudinal axis of the body and its z
axis along a line between the body c.g. and the axis of rotation of
the helix. The transverse aerodynamic moments in the nonrolling
frame can be transformed to the coordinate frame where the steady
� ow� eld exists, using the following relations:

For q D 0 helical motion

Cm C iCn D . QCm C i QCn/e¡iÄt (15)

For P® D 0 helical motion

Cm C iCn D . QCm C i QCn/e¡iÄt cos ¯ (16)

where the transverse moments Cm and Cn refer to the moments
about the y and z axes, respectively.

Using this transformation, the transversemoments can be shown
to have the following form for each of the two types of helical
motion:

For q D 0 helical motion

Cm C iCn D ¡Cm P® .Äl=V /.R0Ä=V / C iCm®
.R0Ä=V / (17)

For P® D 0 helical motion

Cm C iCn D Cmq .Äl=V /.R0Ä=V / (18)

The resulting expressions for the transverse moments are indepen-
dent of time, indicating that the � ow� eld is potentially steady as
well.

Similar expressionsfor the individualdamping force coef� cients
can bedevelopedusing the same approachas appliedfor themoment
coef� cients.

For q D 0 helical motion

CY C iCZ D iCN P® .Äl=V /± C CN® ± (19)

For P® D 0 helical motion

CY C iCZ D ¡iCNq .Äl=V / sin ¯ (20)

Center of Gravity Translation Relations
If the aerodynamiccoef� cients have been established for a base-

line con� guration, it is possible to determine the aerodynamiccoef-
� cients for the identical con� guration that has a different axial c.g.
location using the c.g. translation relations.10 The c.g. translation
relations for the damping coef� cients are

OCN P® D CN P® (21)

OCNq D CNq C scgCN®
(22)

OCm P® D Cm P® ¡ scgCN P® (23)

OCmq D Cmq ¡ scg CNq ¡ Cm®
¡ s2

cgCN®
(24)

In the context of the current study, the c.g. translation relations can
be used to further validate the results by comparing the theoretical
variation of the damping coef� cients with c.g. location with the
computational � uid dynamics predictions.

Computational Approach
Computationof the viscous� ow� eldabout the � ightbodywas ac-

complishedby solvingthe thin-layerNavier–Stokesequationsusing
a parabolizedNavier–Stokes technique(PNS). Because the compu-
tations are performed in a noninertial rotating coordinateframe, the
governing equations have been modi� ed to include the body force
terms that result from the Coriolis and centripedal accelerations in
the rotating coordinate frame. The � uid � ow relative to the rotating
coordinateframe does not vary with time, allowing the steady (non-
time-varying) Navier–Stokes equations to be applied. The solution
of the steadyNavier–Stokes equationscan be performedat a reason-
able computationalcost. To implement the rolling coordinateframe,
the governingequationswere modi� ed to include the effects of cen-
trifugal and Coriolis forces. The steady thin-layer Navier–Stokes
equations are

@ OE
@»

C @ OF
@´

C @ OG
@³

C OHc C OH D 1
Re

@ OS
@³

C OSc (25)

where OHc and OSc are inviscid and viscous source terms due to the
cylindrical coordinate formulation and OH is the source term con-
taining the Coriolis and centrifugal force terms that result from the
rotatingcoordinateframe. Each of thesematrices is a functionof the
dependent variables representedby the vector q.½; ½u; ½v; ½w; e/,
where ½ and e are the density and the total energy per unit volume
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and u, v, and w, are the velocity components in the axial, circum-
ferential, and normal directions. The � ux terms are

OE D 1
J

½U

½uU C »x p

½vU

½wU

.e C p/U

; OH D 1
J

0

½ fx

½ fÁ

½ fr

.½u fx C ½v fÁ C ½w fr /

(26)

OF D 1
J

½V

½uV C ´x p

½vV C ´Á p=r

½wV C ´r p

.e C p/V

; OG D 1
J

½W

½uW C ³x p

½vW C ³Á p=r

½wW C ³r p

.e C p/W

where

U D u»x ; V D u´x C v´Á=r C w´r

(27)
W D u³x C v³Á=r C w³r

»x D 1=x» ; ´x D J .r» Á³ ¡ Á»r³ /; ´Á D J .x» r³ /

´r D J .¡x» Á³ /; ³x D J .Á» r´ ¡ r» Á´/ (28)

³Á D J .¡x»r´/; ³r D J .x³ Á´/; J D 1=[x» .Á´r³ ¡ Á³ r´/]

The Coriolis and centrifugalaccelerationterms due to the rotating
coordinate system that are contained in the source term OH are

f D 2X £ u C X £ .X £ R/ (29)

The Coriolis acceleration is a function of the angular velocity of
the coordinate frame with respect to the inertial frame X and the
� uid velocity vector u, which can be represented by the velocity
components u, v, and w. The centripedal acceleration is a function
of the angular velocityof the rotating frame X and the displacement
vector R between the axis of rotation and the local position in the
� ow� eld. The acceleration vector f can be written in terms of its
components along the x, Á, and r axes, fx , fÁ , and fr .

The angular velocities for the three different motions considered
are given next. The angular velocities are nondimensionalizedin a
manner consistentwith the Navier–Stokes equations.

For looping motion

X D ÄD

a1
cos ÁiÁ ¡ ÄD

a1
sin Áir (30)

For P® D 0 helical motion

X D ÄD

a1
ix (31)

For q D 0 helical motion

X D ÄD

a1
cos¯ ix C ÄD

a1
sin ¯ cos ÁiÁ

¡ ÄD

a1
sin ¯ sin Áir (32)

The pressure p can be related to the dependent variables by ap-
plying the ideal gas law,

p D .° ¡ 1/[e ¡ .½=2/.u2 C v2 C w2/] (33)

The turbulent viscosity ¹t , which appears in the viscous matrices,
was computed using the Baldwin–Lomax turbulence model.11

The thin-layerequationsare solvedusing the parabolizedNavier–
Stokes technique of Schiff and Steger.12 Following the approach
of Schiff and Steger, the governing equations, which have been
modi� ed here to include the Coriolis and centrifugal force terms,
are solved using a conservative, approximately factored, implicit
� nite difference numerical algorithm as formulated by Beam and
Warming.13 Details of the implementation of the source term that
contains the Coriolis and centrifugal force terms are given in
Ref. 5.

The computations presented here were performed using a
shock-� tting procedure.14 This procedure solves the � ve Rankine–

Hugoniot jump conditions, two geometric shock propagation con-
ditions, and one compatibility equation to determine the values of
the � ve dependent variables immediately behind the shock, as well
as the position of the shock. By including the implicit part of the
source term due to the rotating coordinate frame in the circumfer-
ential inversion, the shock-� tting procedure can be used without
modi� cation, as long as the freestream conditions are modi� ed to
account for the rotating coordinate frame.

At the body surface, no-slip, constantwall temperatureboundary
conditions were applied. For the cases with spin, the tangential ve-
locity v was set equal to the local velocity of the body surface due
to solid-body rotation.

An initial solution for the PNS marching procedurewas obtained
using a conical stepback procedure at a location of 0.2 body diam-
eters from the nose tip. Although the perturbations to the � ow� eld
from the helical motions are not compatible with the conical � ow
assumption, the effect on the solution appears to be small. Moving
the starting plane to 0.1 body diameters from the nose tip resulted
in less than 0.5% variation in the computed damping moments.

The computational results presented here were obtained using a
grid that consisted of 60 points between the body and the shock.
In the circumferential direction, gridding was performed over a
360-deg sector because of the lack of symmetry from the com-
bination of angle of attack, spin, and coning or helical motion. In
the circumferential direction 36 grid points were used. In the lon-
gitudinal direction, 78 marching steps were utilized for each body
diameter of length. To ensure adequate grid resolution within the
boundary layer, the grid spacing at the body surface was adapted to
maintain nondimensionalboundary-layercoordinate yC between 2
and 3 in accordance with previously published results.15 Grid reso-
lution studies for the 9-caliber body (middle c.g. location) showed
less than 2% variation in the computed pitch-damping coef� cient,
when the grid resolutionwas decreasedby 25% in each of the three
coordinatedirections.Similarly,when thegrid in thecircumferential
and marchingdirectionswas doubledand the grid in the radialdirec-
tion was increasedby 50%, the computedpitch-dampingcoef� cient
varied by only 1%. Differences in the damping coef� cient Cmq on
the coarse and � ne mesh relative to the baseline grid were less than
1%. The damping coef� cient Cm P® showed a larger variability on a
percentage basis on the coarse and � ne grid relative to the base-
line grid (6% and 3%, respectively), although absolute differences
between the predicted values of the coef� cient were similar to the
differences between the predicted pitch-damping coef� cient sum.
The smaller magnitude of Cm P® relative to the pitch-dampingcoef� -
cient sum contributedto a largerpercentageerror.The computations
for the baseline grid performed using a Cray Y-MP supercomputer
typically required less than 10 min of CPU time for complete cal-
culation over a single con� guration.

Results
Computations of the individual coef� cients that comprise the

pitch-damping force and moment coef� cient sums were performed
using helical and looping motions. The computations were per-
formed for the Army–Navy spinner rocket (ANSR) series of bodies
shown in Fig. 7. Results for the L=D D 5 and L=D D 9 bodies are
presentedhere for a � ight velocity of Mach 2.5. Three different c.g.
locationswere consideredfor each body length,as shown in Table 1.
Aerodynamic range tests of the ANSR16 were used to benchmark
the predicted pitch-damping coef� cient sum.
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Table 1 ANSR � ight bodies c.g. location

Longitudinal c.g.
(calibers from nose)

L=D Forward Middle Rearward

5 2.5 3.0 3.5
9 4.0 5.038 5.885

Fig. 7 Schematic of the ANSR.

Fig. 8 Variation of aerodynamic moment Cm with angular velocity,
q = 0 helical motion, M = 2.5, ANSR, sin ¡ 1 ± = 2 deg.

The effect of angular rate and rotational velocity ratio for the
q D 0 helical motion and P® D 0 helical motion was examined
for the L=D D 9 ANSR body (forward c.g.) at a � ight velocity of
Mach 2.5. The force and moment expansion for both of these mo-
tions indicates that a linear variation of the forces and moments is
expected with angular rate and rotational velocity ratio within the
regime where linear aerodynamictheory is expectedto be valid.The
predictionswere performed for the longestANSR body because the
longer bodies typically exhibit more nonlinearaerodynamicbehav-
ior. Thus, the onset of nonlinear behavior of the aerodynamicswith
angular rate or angle of attackwould be more evident, and the limits
of linear aerodynamicbehavior could be more readily identi� ed.

The effect of angular rate for the q D 0 motion was examined
by performing computations at several angular velocities but at a
� xed total angle of attack of 2 deg. This means that as the angular
velocity was increased, the radius R0 was decreased so that the
product R0Ä (and the total angle of attack) was constant. Figure 8
shows the variation of the aerodynamic moment Cm with angular
velocity, and the variation is seen to be linear across the range of
angular velocities of interest.

For the q D 0 helical motion, the sine of the angle of attack, ±,
varies directly with the rotational velocity ratio ÄR0=V . Thus, as
the rotational velocity ratio increases toward 1, the angle of attack
of the vehicle also increases for the q D 0 helical motion. (In the
limit as ÄR0=V D 1, for q D 0 helical motion, the c.g. performs
a circular looping motion with the body at 90-deg angle of attack.)
The desire is to de� ne the limits where the forces and moments
are expected to vary linearly with ± or ÄR0=V . Computations of
q D 0 helical motion were performed with the angular rate held
� xed (ÄD=V D 0:010) while the helix radiuswas varied to produce
the desired angle of attack. The aerodynamicmoment Cm , shown in

Fig. 9 Variation of aerodynamic moment Cm with sine of the angle of
attack, q = 0 helical motion, M = 2.5, ANSR, X D/V = 0.010.

Fig. 10 Variation of aerodynamic moment Cm with angular velocity,
Ç® = 0 helical motion, M = 2.5, ANSR, ¯ = 2 deg.

Fig. 11 Variation of aerodynamicmomentCm with rotational velocity
ratio, Ç® = 0 helical motion, M = 2.5, ANSR, X D/V = 0.010.

Fig. 9, shows a linear variationwith ± up to angles of attack of about
7 deg. This behavior is similar to that observed for coning motion.5

For the P® D 0 helical motion, the effect of angular rate was exam-
ined for rotationalvelocity ratio,ÄR0=V D sin ¯ D 0:0349.Again,
as the angular velocity was increased, the radius R0 was decreased
so that the product R0Ä (and the total angle of attack) was constant.
The variationof the aerodynamicmoment Cm with angular velocity,
shown in Fig. 10, is seen to be linear across the range of angular
velocities of interest.

The effect of the rotational velocity ratio on the forces and mo-
ments for the P® D 0 helical motion was also examined, and the
results are shown in Fig. 11. These predictions were made for a
constant angular velocity (ÄD=V D 0:010). The aerodynamicmo-
ment Cm is seen to be linear with rotationalvelocity ratios from 0 to
1. At � rst glance, a nonlinear variation might be expected because
nonlinear variations with ± were seen for the q D 0 helical motion.
It is noted that the parameterÄR0=V D sin ¯ is not associatedwith
the angle of attack for this motion because the P® D 0 helical motion
is performedat 0-deg angle of attack. The parameter sin ¯ is simply
the rotationalvelocityratio.The limitingcaseof a rotationalvelocity
ratio of 1 correspondsto a circular loopingmotiondiscussedearlier.

Using these results as a guide, predictions of the pitch-damping
coef� cients were made for each of the three body lengths and c.g.s
at Mach 1.8 and 2.5. Predictionswere made at an angularvelocityof
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Fig. 12 Variation of damping moment coef� cients with c.g. location,
M = 2.5, ANSR, L/D = 5.

Fig. 13 Variation of damping moment coef� cients with c.g. location,
M = 2.5, ANSR, L/D = 9.

Fig. 14 Variationofpitch-dampingforce coef� cients with c.g. location,
M = 2.5, ANSR, L/D = 5.

ÄD=V D 0:010 and a rotational velocity ratio ÄR0=V D 0:0349,
where the linear aerodynamic theory has been shown to be valid.

Figures 12 and 13 show predictions of the pitch-damping mo-
ment coef� cients Cmq and Cm P® , as a function of c.g. position for the
L=D D 5 and L=D D 9 bodies at Mach 2.5. Predictions obtained
usingthePNS computationalapproachare shown,alongwith results
obtained with engineering design predictions made with slender-
body theory. The results show that the pitch-damping coef� cient
Cmq is larger than Cm P® for all of the c.g. positions examined. The
damping coef� cient Cm P® is nearly zero at the rearward c.g. for each
of the body lengths. The trends shown by the slender-body results
are similar to the PNS results, although the slender-bodyresults are
generally lower in magnitude. The predicted variation of Cmq with
c.g.positionshown in Figs. 12 and 13 agreewith the theoreticalvari-
ation [Eq. (24)] to within 0.25% across the range of c.g. positions
examined. The predicted variation of Cm P® is essentially identical to
the theoretical variation [Eq. (23)] because the governingequations
boundaryconditions, and � ow� eld are independentof the axial c.g.
location.

Figures 14 and 15 show similar predictionsof the pitch-damping
force coef� cients CNq and CN P® , as a function of c.g. position for the
L=D D 5 and L=D D 9 bodies at Mach 2.5. The PNS predictions
of the pitch-damping force coef� cients show a similar trend to the
predictionsmadewith slender-bodytheory, thoughthe slender-body

Fig. 15 Variationofpitch-dampingforce coef� cients with c.g. location,
M = 2.5, ANSR, L/D = 9.

Fig. 16 Variation of pitch-damping moment coef� cient sum with c.g.
location, M = 2.5, ANSR, L/D = 5.

Fig. 17 Variation of pitch-damping moment coef� cient sum with c.g.
location, M = 2.5, ANSR, L/D = 9.

theory results are larger in magnitude. The agreement does seem to
improve slightly as the body length increases.

Because ballistic bodies traverse a nearly rectilinear path, it is
impossible to extract the individual components of the damping
coef� cients from the experimentaldata. Thus, no comparisonof the
predicted individual coef� cients could be made with experimental
data.However, the individualcoef� cientscanbe summed to produce
the pitch-damping coef� cient sum and the results compared with
the coning motion results and with experiment. Figures 16 and 17
show comparisons of the pitch-damping coef� cient sum (obtained
by summing the individualcoef� cients) with experimentaldata and
with slender-body theory results. The results obtained by summing
the predicted coef� cients Cmq and Cm P® are within 1.0% or less of
the pitch-damping moment coef� cient sum predicted using coning
motion.

The distribution of the pitch-damping force and moment coef� -
cients over the ANSR L=D D 5 body is shown in Figs. 18 and 19.
The force coef� cient CN P® is positive along the body length with
most of the force being generated at the aft end of the body. As
a result, the moment coef� cient Cm P® also shows its largest contri-
butions from the aft portion of the body. On the other hand, for
the force coef� cient CNq , both the nose and cylindrical afterbody
produce contributions to the force coef� cient, which are similar in
magnitude but opposite in sign. This essentially imposes a couple
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Fig. 18 Development of pitch-damping force coef� cients over ANSR
body, M = 2.5, L/D = 5, middle c.g. position.

Fig. 19 Development of pitch-damping moment coef� cients over
ANSR body, M = 2.5, L/D = 5, middle c.g. position.

on the body whose magnitude is re� ected in the moment coef� cient
Cmq .

Conclusion
A methodfordeterminingthe individualforceandmoment coef� -

cients that comprisethepitch-dampingforceandmoment coef� cient
sum has been presented, along with sample results for a family of
axisymmetric projectile geometries. The sum of the two individual
coef� cients is identical to previouspredictionsof the pitch-damping
coef� cient sums obtained using coning motion and is in excellent
agreementwith experimentaldata.The individualcoef� cients show
qualitative agreement with results obtained using the more approx-
imate slender-bodytheory. The method provides an ef� cient means
of determining the individualcoef� cients that may be quite dif� cult
to obtain using experimental means.
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